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A so lu t ion  of the  m i x e d  b o u n d a r y - v a l u e  p r o b l e m  in the  f o r m  of a g e n e r a l i z e d  funct ion  r e p r e -  
s en t ed  by  a con tour  i n t e g r a l  is  ob ta ined  fo r  the  s t a t i o n a r y  equa t ion  of c onve c t i ve  d i f fus ion .  

We s i m u l a t e  the  ca thode  r e g i o n  of a c h e m o t r o n  c o n v e r t e r  by  an in f in i t e  band P{I a I -< 1, 1/31 < oo~, 
w h e r e  a and 8 a r e  r e a l  d i m e n s i o n l e s s  v a r i a b l e s .  We a s s u m e  tha t  an e l e c t r o l y t e  f lows a long the  band at  a 
c o n s t a n t  v e l o c i t y  v f r o m  +co to _oo with  the  v e l o c i t y  v e c t o r  p a r a l l e l  to the  axis  of the  band.  The b o u n d a r y  
of the  h a l f - b a n d  Ic~ I -< 1, ~ > 0, i . e . ,  the  r a y s  a = •  ~ > 0, is  a s s u m e d  to be  m a d e  of an i n su l a t i ng ,  c h e m i -  
c a l l y  i n e r t  m a t e r i a l  and the  r a y s  a = • 1, B < 0 ac t  as  a ca thode  which  i s  i nd i f f e r en t  w i th  r e s p e c t  to the  
so lu t i on  used  in the  i n s t r u m e n t .  

F o r  t h e s e  cond i t ions ,  we sha l l  f o r m u l a t e  the  p r o b l e m  Of d e t e r m i n i n g  the  c o n c e n t r a t i o n  d i s t r i b u t i o n  
C ( a ,  8) of the  r e d u c i b l e  componen t  of the  e l e c t r o l y t e  in the  ca thode  r e g i o n  d e s c r i b e d  above  fo r  a s t e a d y -  
s t a t e  p r o c e s s .  In th i s  c a s e ,  c a l c u l a t i o n  of r e a g e n t  c o n c e n t r a t i o n  r e d u c e s  to i n t e g r a t i o n  of the  equa t ion  fo r  
s t a t i o n a r y  convec t i ve  d i f fus ion ,  which  can  be  w r i t t e n  in d i m e n s i o n l e s s  f o r m  in the  fo l lowing  m a n n e r :  

aU aW aW 
~, - -  - 9  - - ,  ( 1 )  

of 3 a~ ~ aP ~ 

w h e r e  U = C(~,  B)/C0; C O is  the  c o n c e n t r a t i o n  of the  r e d u c i b l e  componen t  of the  e l e c t r o l y t e  at  t he  e n t r a n c e  
to the  ca thode  channel ,  i . e . ,  C o = l i m C ( a ,  8).  We a l s o  m a k e  the  r e a s o n a b l e  a s s u m p t i o n  [2] tha t  the  r e -  

~ + *  

agen t  c o n c e n t r a t i o n  is z e r o  at  the  exi t  f r o m  the  ca thode  channel ,  i . e . ,  that  l i r a  C ( a ,  8) = 0. T h e s e  a s s u m p -  

t i ons  m a k e  i t  p o s s i b l e  to e s t a b l i s h  the  cond i t ions  which  the func t ion  U(a ,  B) m u s t  s a t i s f y  at  inf in i ty :  

lira U (a, ~) -- l, and tim U (a, ~) = 0. 
p-.+~ ~-.-~ 

One can  now f o r m u l a t e  t i le  p r o b l e m  m o r e  p r e c i s e l y .  It is  n e c e s s a r y  to  s o l v e  Eq. (1) u n d e r  the  fo l -  
lowing b o u n d a r y  cond i t i ons :  

~ U_ =0 ,  ~ > 0 ,  (2) 
C r  1 

u , ( +  1, ~) = 0, p < 0, (3) 

lira u (~, I~) = 1, 1~1 < 1, (4) 
p~+oo 
lira U(a, [3) = 0, [cr I. (5) 

We sha l l  s e e k  a so lu t ion  of th i s  p r o b l e m  in the  f o r m  of the  d i f f e r e n c e  

u (~, p) = 1 - s (a, I~), 

w h e r e  S(a ,  B) is  a so lu t ion  of Eq. (1) s a t i s f y i n g  the  b o u n d a r y  cond i t ions  

asa~ ~ = ~  = 0 ,  ~ > 0 ,  (6) 

S(___ I, ~ ) =  I, ~ < 0 ,  (7) 

lira S(a, IS) = 0 ,  ] a I <  I, (8) 
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lira S (ce, [3) = 1, I ~ ! < I. (9)  

It is easy to verify that the function 

+i~ (o))e((~ - L)f~ = ~ 2 _  ado) ( lO)  

is an even solut ion of Eq. (1) with r e s p e c t  to the va r i ab le  c~. In Eq. (10), A(co) is an as  yet  a r b i t r a r y  func-  
t ion of the complex  va r i ab l e  co, which is analyt ic  on the i m a g i n a r y  axis of the co plane,  and fo r  the roo t  
~x/-~-~-T2/4 that  b r a n c h  is chosen  which, fo r  r e a l  co such that  co2_72/4 _> 0, g ives  the a r i t hme t i c  value of the 
root. 

We r e q u i r e  that  the funct ion Q(~, 8) sa t i s fy  condi t ions  (6) and (7). Accord ing ly ,  
in tegra l  equat ions 

+~  l / /  4 - -  72 _ _  / - 4 -  72 ( ~ - v  t~ T )  do) A (o)) o)2 __ sin | /  o)2 _ e = 0, [3 > 0, 

--ico 

this  leads  to the two 

(11) 

We introduce the notation 

- t- i~ 

A (o)) cos - - U  e = 

K (o)) = A (o 0 o)~ - -  ~ -  sin o)2 4 

i f < 0 .  (12) 

~(o)) = 

7 2 
K(o)) {o~ -]/F O) 2 

4 

72 72 
o ) 2 _ 4 _  sin o)2 4 

Equations (11) and (12) then take the form 

j' K(o)le ~)~do)=O, ~>0, 
--iao 

i' •(o))e = i, ~ < 0 .  

(13) 

(14) 

We in t roduce  the funct ion 

n (o)) = ~= 
1 b,~ ] 

(15) 

where  the a n a r e  those  pos i t ive  roo t s  of the funct ion s i n 4 c o 2 - y 2 / 4  which a re  g r e a t e r  than the roo t  co = y / 2 ,  
and the bn a r e  the pos i t ive  roo t s  of the funct ion cos  4co2-T2/4.  

Fol lowing Dani levsk i i  [1], one can show that  the p roduc t  (15) c o n v e r g e s  u n i f o r m l y  and abso lu te ly  
e v e r y w h e r e  in the reg ion  ]argcol >_ 6, where  6 is a fixed pos i t ive  n u m b e r  as  sma l l  as  d e s i r e d  (5 < 7r/2). 

Inves t iga t ing  the behav io r  of II (co) at infinity, we find that  

1 
n (o)) (1.6) 

F r o m  the method by which the m e r o m o r p h i c  funct ion II(c0) was cons t ruc t ed  and f r o m  the  a sympto t i c  
behav io r  (16), it fol lows that  this  funct ion is r e g u l a r  in the r eg ion  I argcol _> 5 and goes  to z e r o  u n i f o r m l y  
in this r eg ion  when co ~ ~ .  

We take the function BII (co), where B = const, as K(co). Such a choice is possible since the arbitrary 
function A(co) appears in K(co). Equation (13) can now be written as 
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S BI I (@e do )=0 ,  ~ > 0 .  (17) 

Since II(co) is r e g u l a r  in the reg ion  Rew _< 0 and obvious ly  m e e t s  the condi t ions  of the J o r d a n  l e m m a  in this  
reg ion ,  the condit ion (13) is sa t i s f ied  by such  a choice  of K(w). 

F r o m  the p r o p e r t i e s  of II(w) noted, it fol lows that  in the r eg ion  Rew _> 0 the funct ion 

BII (o)) cos o)~ 4 

* ( @ =  / 72 / ,E~ 
o ) 2  -4-- sin o)~ 4 

has a s ingu la r i t y  at w = 7 / 2  which is a s imple  pole.  It is e a s y  to see  that  

,~ B H ( ff~- ~ e - T 

But then 

res ~p (o)) e ' 2 = 

Consequent ly ,  ff one se t s  

B = - -  - -  
1 

2~i -(+) 
then fo r  G < 0, because  ~b(co) sa t i s f i e s  the condi t ions  fo r  the J o r d a n  l e m m a  in the r eg ion  Reco >_ 0, 

J' q) (o)) e do) = 1, 

i . e . ,  the condit ion (14) is a l so  sa t i s f ied .  

Thus the funct ion Q(c~, B) defined by the e x p r e s s i o n  

+e- ~ "  7e e (~- 2 ) do), Q (a, ~l) = - -  7 1 f H (o)) cos o)2 __ - 4 -  ck _L~ 

H 2~i o ) 2  sin / o ) 2 _  
-~| - U  ~ 4 

is a solut ion of Eq. (1) which sa t i s f i e s  condit ions (6) and (7). 

We find l i m Q ( a ,  ~) fo r  l a l  < 1. Equat ion (18) can be wr i t t en  in the fol lowing m a n n e r :  

Q (c~, ~) 2~i o ) _  7 r (o)' cO e 2 ) d o ) - - -  do), - -  O ) _ _ _ L  2hi o)__ 7 
-~| 2 2 -i| 2 

where  

(18) 

(19) 

y 7~ V /  73 O)2 _ _  ( 0 2  - - -  (o), ~) _ 7H (o)) ~ -  cos - U  a 

7 ~ (o) + +)sinV  o) 4 

The funct ion ins ide  the in tegra l  s ign  in the f i r s t  in tegra l  on the r igh t  s ide  of Eq. (19) is obv ious ly  a r e g u l a r  
funct ion e v e r y w h e r e  in the r igh t  ha l f -p lane  Rew >_ 0, and the in tegra l  i t se l f  c o n v e r g e s  u n i f o r m l y  with r e -  
spec t  to B on the l ine Reco = 0. In such a case ,  one can a s s e r t  on the bas i s  of the gene ra l i zed  Lebesgue  
- R i e m a n n  l e m m a  that  

- - i r 1 6 2  

e do) = 0. 

- ~  2 2 
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Thus 

But 

lim 
1}--+:t: ~ 

1 
Q (a, ~) lira 

2r~i ~-++~ 

lira +i  | e(2-@)~ 
I~--.+~ , ,  a)--  7 

d(o = O, 

&o. 

Consequently, 

lim i e( ~-)~ ~ - ~  y 
- - i ~  O) - -  - -  

2 

do) --- - -  2r~i. 

lira O(a, 6) = 0 ,  a lim Q(a, 13)--I .  
~ + ~  ~-~ 

Thus the function Q(~, ~) defined by Eq. (18) satisfies Eq. (i) and conditions (6)-(9), 

Q (~, 6) -= s (~, 6). 

On this  bas i s ,  one can a s s e r t  that  

i. e., 

+i| ]// /  72 

I v S n (o)) ~os o)~- 2 -  ~ (~--~)~ do) (20) 
= - -  e 

(') F F " 
U (a, ~1) 1 +  2ai lI ~ -  o)~-- 2 -  s i n  o)~ 

- - "  4 

and the problem is completely solved. 

It is of interest to investigate the concentration distribution for small positive/3 when ~ = �9 I. Let 

rI(-w) be a function constructed analogously to the function H(~) with respect to those negative roots of the 
functions sinJo~2-T2/4 and cos4co2-72/4 which lie to the left of the line co = -T/2. As is easily seen, the 

functions ll(a~) and ri(-w) satisfy the relation 

V sin o)~ - -  
4 

(o)) H (- o)) = 

'/v o ) ~ -  co~ o)~ . . . .  4 

Hence 

Therefore, 

],if 7~ ]/i/ 7 ~ H(o)) o)2--- 4- cos o)2 4 

j r  72 
sin o ) 2  4 

1 

n(--o)) 

U(I, ~ ) = i + - -  1 7 (' 1 e do). 
2r~i 17 ~. o)~ 

considering that we are looking at positive ~, Alternatively, 

u(1 ,  6 ) =  I + 2n---}- 
r+ H ~ -  

(-+-)-++i~ 

2 

1 

e 2) do) 

e(~- 4-> do). 
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H e r e ,  r + is  a c l o s e d  con tour  which  s u r r o u n d s  the  po in t  o~ = - 7 / 2 ,  which is  t r a v e r s e d  in the  p o s i t i v e  d i r e c -  
t ion ,  and is  so s m a l l  tha t  in the  f in i t e  r e g i o n  of the  0~ p l a n e  bounded by  it t h e r e  a r e  no p o l e s  of the  funct ion  
i n s i d e  the  i n t e g r a l  s i gn  o the r  than  co = - 7 / 2 ,  and the s y m b o l  ( - 7 / 2 - )  i n d i c a t e s  b y p a s s i n g  the  po in t  w = - 7 / 2  
on the  lef t .  

One can  show tha t  the  i n t e g r a l  a long  the  con tour  F + e q u a l s - ( e - 7 ~ / I I 2 ( 7 / 2 ) ) .  T h e r e f o r e ,  

(o- - )+i~  

e-v~ 1 ~ 7 e -v~ e t'~ du 
U(1 8 ) = 1  +---- 

' 17 ~( 7 2hi _ ~  II(~-) u(u--y)II[--(u-- 7 ) ] ,  -2-- 

(O--)-Fi~ 
e-v[ ~ e-v~ t ~ e -u[~ du . = 1 _~ . . . .  7 (;) i12 2~i -i='" 11 - u (u -q- 7) H u q- " ~  

Set t ing  u~ = v (fl > 0) in the  l a s t  i n t e g r a l ,  we have  

e-V~ e - #  f ? e-vdv 

In the  l a s t  equat ion ,  C is  a con tou r  c o n s i s t i n g  of the  ax i s  Re v = 0 wi th  the  excep t ion  of the  s e g m e n t  ( - J r ,  
+ i t ) ,  w h e r e  r is  a f ixed  p o s i t i v e  n u m b e r ,  and a s e m i c i r c l e  of r a d i u s  r wi th  i t s  c e n t e r  a t  the  po in t  v = 0 
going a round  the  o r i g i n  on the  lef t .  C o n s i d e r i n g  tha t  I vl _> r on the  con tour  C and the  a s y m p t o t i c  r e l a t i o n  
(16), we can  w r i t e  fo r  fl c l o s e  to z e r o  

U(1, 8 ) ~  I 7 v:-~ e - ~  e -"  d._._~v 

If L is  a pa th  whieh  goes  a round  the  o r i g i n  wi thout  i n t e r s e c t i n g  the  con tou r  C and p a s s e s  a long the  p o s i t i v e  

s e m i a x i s  I m v  = O, then  

J vV~ 7FF 2 r -  = - 4 , / ~ .  
C L 

U(1, ~ ) ~  1 - -  
1 27 V~  ) e-w~ 

7 

Cons  equent ly ,  

c(~, f~) 
Co 
D 

V 

h 
7 = v h / D  

NOTATION 

is the concentration of diffusing substance; 
is the concentration of reagent at the entrance to the cathode channel of the transformer; 

is the diffusivity; 
is the convection rate; 
is the modulus of the convection rate; 
is the width of a band, a constant having the dimensions of length; 
is a positive dimensionless constant. 
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